In this paper, from special code chains C 1 ⊇ C 2 ⊇ C 3 such that C ⊥ h 1 ⊆ C 3 and C ⊥ h 2 ⊆ C 2 , some Hermitian dual-containing (HDC) matrix-product (MP) codes are presented, where C 3 is not HDC. By studying some constacyclic codes of lengths n = q 2 ± 1 and n = q 2 −1 2 , we construct many HDC MP codes of length 3n. Consequently, many q-ary quantum codes with larger designed distance d ≥ q + 1 are obtained from these MP codes, where 4 ≤ q ≤ 9.
I. INTRODUCTION
Matrix-product code was proposed first in [11] by Blackmore and Norton. Soon afterwards it became more and more interesting, since it can be viewed as a generalization of the Plotkin's (u|u + v)-construction etc., see [12] - [18] . Mankean and Jitman in [19] , [20] discussed construction of Euclidean and Hermitian self-orthogonal MP codes, they gave some new codes of length 2n by employing some special matrices and code chains C 1 ⊇ C 2 of length n. In 2017, Liu et al. [21] constructed quantum codes, whose minimum distances does not exceed q + 1, from matrix product codes. Recently, in [22] they also proved that entanglement-assisted quantum codes could be constructed via matrix-product codes. In [23] , Hermitian self-orthogonal matrix-product codes of length 2n were used to construct q-ary quantum error-correcting codes, whose distance exceeded q + 1 via Hermitian construction.
Except the traditional definition, MP codes can be generalized over some special finite rings, more details, see [24] - [26] . Other related works, the matrix-product structure of repeated-root cyclic and constacyclic codes, had been discussed in [27] , [28] .
Quantum error-correction codes (QECCs) play an important role in quantum computing and quantum communication, see [1] - [10] . In order to construct QECCs with good The associate editor coordinating the review of this manuscript and approving it for publication was Wei Huang . parameters from classical codes, Ketkar et al. [6] generalized the well-known notion of binary stabilizer codes to the nonbinary case, namely, Hermitian construction.
Theorem 1: (Hermitian construction [3] , [6] ) If C is an [n, k, d] q 2 and C ⊥ h ⊆ C, then there exists a quantum code with parameters [[n, 2k − n, d]] q .
Motivated by above works, we pay more attention on constructing HDC MP codes with length 3n, which can be derived from some special matrices and code chains C 1 ⊇ C 2 ⊇ C 3 of length n. These HDC MP codes with length 3n have minimum distances d ≥ q+1 and can derive QECCs with large distances. This paper is organized as follows. Basic concepts on constacyclic codes and MP codes are recalled in Sect.2. In Sect.3, the sufficient conditions for which HDC MP codes exist are investigated, at the same time, the existence of special matrix is also provided. In Sect.4, several HDC MP codes are derived from constacyclic BCH codes, and some QECCs are constructed from those HDC MP codes via the Hermitian construction, which are better than the quantum codes appeared in [32] . Finally, the conclusions are given.
II. PRELIMINARIES

A. CONSTACYCLIC BCH CODES
Let q be a prime power and F q 2 be the finite field with q 2 elements. In this subsection, we will review relevant concepts on constacyclic codes and q 2 -cyclotomic cosets modulo rn with r | q + 1. For more details, one can refer to [29] , [30] and references therein.
If C is a k-dimensional subspace of F n q 2 , then C is called an [n, k] q 2 linear code, namely, it is a linear codes of length n and dimension k over F q 2 . For c = (c 0 , c 1 , · · · , c n−1 ) ∈ C, we define the weight as wt(c) = {i|c i = 0, 0 ≤ i ≤ n − 1}. The minimum distance is d =min{wt(x − y)|x, y ∈ C}. If the minimum distance d of C is known, it is also referred to as an [n, k, d] q 2 linear code. A k × n matrix G over F q 2 is called a generator matrix of C, if the rows of G generates C and no proper subset of the rows of G generates C.
If C is a linear code of length n over F q 2 , its Hermitian dual code is defined by
where y q = (y q 1 , y q 2 , · · · , y q n ) denotes the conjugate of vector y = (y 1 , y 2 , · · · , y n ). A parity check matrix H for a linear C is a generator matrix for the dual code C ⊥ h . If C ⊥ h ⊆ C, then C is called a Hermitian dual-containing code, and C ⊥ h is called Hermitian self-orthogonal.
Let gcd(q, n) = 1 and r|(q + 1), C be a linear code of length n over F q 2 . If for any (c 0 , c 1 , · · · , c n−1 ) ∈ C,
, then it is easy to check that C is a cyclic code when r = 1 and C is a negacyclic code when r = 2 by definition.
Define a mapping ϕ from F n q 2 to R n =
x n −λ as follows:
(c 0 , c 1 , · · · , c n−1 ) → c 0 + c 1 x + · · · + c n−1 x n−1 .
One can check that C is a λ-constacyclic code with length n over F q 2 if and only if ϕ(C) is an ideal of quotient ring R n . Thus, there exists a monic polynomial divisor g(x) of x n − λ with the least degree such that g(x) generates C, i.e., C = g(x) . It is well known that C has dimension k = n−deg(g(x)). Denote r,n = {1 + jr | 0 ≤ j ≤ n − 1} and ξ be a primitive rn-th root of unity in some extension field of F q 2 such that ξ n = λ. For any i ∈ r,n , q 2 -cyclotomic coset C i modulo rn containing i is defined by
where l is the smallest positive integer such that i(q 2 ) l ≡ i mod rn. The defining set of C is the set T = {i ∈ r,n |g(ξ i ) = 0}. Obviously, we can see that T is a union of some q 2 -cyclotomic cosets modulo rn and the dimension of C is n − |T |.
It is well-known that q 2 -ary constacyclic codes can be also described by q 2 -cyclotomic cosets [10] , [29] , [30] . If rn − qx ∈ C i , C i is called a skew symmetric coset, and otherwise skew asymmetric. The skew asymmetric coset comes in pairs (C i , C j ), where C j = C −qi = C rn−qi .
In order to construct QECCs, necessary and sufficient conditions for which HDC constacyclic codes exist were discussed, see [6] . In [10] , an equivalent result was given using terminology of skew asymmetric cosets. These results are as follows.
Lemma 1: ( [10] , [29] ) Let gcd(q, n) = 1. If C is a constacyclic code over F q 2 with defining set T , then C ⊥ h ⊆ C if and only if one of the following holds:
(
(2) For x, y, z ∈ T , C x is skew asymmetric and any two C y and C z do not form a skew asymmetric pair.
B. MATRIX-PRODUCT CODES
In this subsection, we recall some concepts and properties of MP codes. Firstly, we denote the set of all s × s matrices
denotes minimum distance of a linear code with length s over F q 2 generated by the first i rows of A. Some basic properties of MP codes will be given as follows.
code and the definition of MP code C A be given as above, then the following hold.
(i) C A is a linear code with length ms over F q 2 .
Lemma 2: ( [23] ) Let A ∈ M s,s (F q 2 ) and the MP code C A be given as above. Then there holds that
To simplify statement, from now on till the end of this paper, we make the following notations.
Notation Let the set {e, e + 1, · · · , f − 1, f } be denoted as interval [e, f ]. Denote that T = C e ∪ C e+r ∪ · · · ∪ C e+r(δ−2) as T = T [e,e+r(δ−2)] . We always use x ≡ y to denote x ≡ y (mod rn) for given rn.
III. CONSTRUCTION OF HDC MP CODES
In order to construct QECCs from MP codes, in this section, we study sufficient condition for the existence of HDC MP codes that are obtained by using some special matrices A and code chains C 1 ⊇ C 2 · · · ⊇ C s . .
Proof: Let G i and H i be a generator matrix and a parity-
Therefore, one can get that
Especially, the following holds:
⊆ C m+1 and AA † = , then C A is HDC. Furthermore, from Theorems 2 and 3, there holds that if
In [20] , matrix A ∈ M ad 2,2 (F q 2 ) has been given in Lemma 4.8. In this subsection, we only discuss existence of matrix A ∈ M ad 3,3 (F q 2 ). Theorem 4: Let q = p r ≥ 3 be a prime power. Then there exists a matrix A ∈ M ad 3,3 (F q 2 ). Proof:
Let ξ be an primitive element of
Case 2 If q = p r and p is an odd prime, assume that
It is easy to check that A is full-rank satisfied AA † = with δ 1 (A) = 3, δ 2 (A) = 2 and δ 3 (A) = 1. Therefore, the theorem holds.
In order to make matrices A ∈ M ad 3,3 (F q 2 ) more intuitive, we will give the concrete construction of matrices A in the form of examples for 4 ≤ q ≤ 9 as follows. Example 2: Let q = 5 and ξ 24 = 1, assume that
Example 3: Let q = 7 and ξ 48 = 1, assume that Example 5: Let q = 9 and ξ 80 = 1, assume that
From the above Theorems 3 and 4, we can obtain the following theorem.
Theorem 5: Let A ∈ M ad 3,3 (F q 2 ) and C 1 ⊇ C 2 ⊇ C 3 be linear codes over F q 2 with parameters [n,
(2) There exists a quantum code with parameters
IV. SOME HDC MP CODES AND RELATED QECCs
In order to construct QECCs from HDC MP codes, we need to give code chains satisfying Theorem 5 and determine parameters of obtained MP codes. Subsequently, we will derive a code chain from three classes of constacyclic codes.
In generally, if the minimum distance of QECCs is d, then d−1 2 errors can be corrected, where d−1 2 means the largest integer that dose not exceed d−1 2 . Therefore, the bigger the minimum distance d is, the stronger the error correcting capability is.
A. HDC MP CODES OF LENGTHS N = 3n WITH n = q 2 − 1 AND RELATED QECCs
In this subsection, let n = q 2 − 1. Cyclic codes of length n will be studied to obtain QECCs of length 3n.
Theorem 6: Let n = q 2 − 1 and q ≥ 4. If q + 1 ≤ 6i + j ≤ δ max = 2q − 2 (0 ≤ j ≤ 5) and 3i + j ≤ q − 1, then the following hold:
( Proof: It is easy to check that C 1 , C 2 , · · · , C q−2 and C q , C q+1 · · · , C 2q−3 are skew asymmetric and C q−1 is skew symmetric form C i = {i} and C −qi = {n − qi}.
(1) According to the assumption, one can know that 6i−1 ≤ 2q−3 and 3i−1 ≤ q−2. Let T 1 = C 1 ∪C 2 · · ·∪C 2i−1 ,
be the cyclic code with defining set T l for 1 ≤ l ≤ 3. Then we can obtain that C 1 = [n, n − 2i + 1, 2i], C 2 = [n, n − 3i + 1, 3i],
Let C l be the cyclic code with defining set T l for 1 ≤ l ≤ 3. Then we can derive that C 1 = [n, n − 2i, 2i + 1], C 2 = [n, n − 3i, 3i + 1], C 3 = [n, n − 6i, 6i + 1] and C 1 ⊇ C 2 ⊇ C 3 . Moreover, C ⊥ h 2 ⊆ C 2 . As a consequence, (2) follows. Similar to the discussion of case 1 and 2 above, one can check (3-6) also hold. In the following, some HDC MP codes with length N = 3n = 3(q 2 − 1) are listed in Table 1 .a. Some QECCs are compared with those in [32] . Obviously, our quantum codes given in Table 1 .b are better than those in [32] for q = 4, 5, 7, 9. While for q = 5, 8, 9 they are new. In this subsection, constacyclic codes of length n = q 2 + 1 will be considered to construct code chains, where q is an odd prime power. On this basis, some QECCs of length 3n will be obtained from HDC MP codes.
Lemma 3: [31] Let n = q 2 + 1 and q be an odd prime power. Assume that r = q + 1 and C is a constacyclic code of 2 . If 2 ≤ δ ≤ q + 1 is even, then C = [n, n − δ + 1, δ] is HDC.
Theorem 7: Let δ 1 , δ 2 , δ 3 be even. 
Proof: One can check that C s , C s+(q+1) , · · · , C s+ q−1 2 (q+1) are skew asymmetric. From C s+i(q+1) = {s + i(q + 1), s − i(q + 1)} and C −qi = {rn − qi}, we have that (C s+ q−1 2 (q+1) , C s+ q+1 2 (q+1) ) form a skew asymmetric pair.
C s+r(j−1) and −1) . Let C i be the constacyclic code defined by T i , where 1 ≤ i ≤ 3. From Lemma 3, we can obtain C i = [n, n − δ i + 1, δ i ] q 2 , where δ i for 1 ≤ i ≤ 3 are even. It is easy to see that C i meets the requirement of Theorem 5. Therefore, there exists a HDC MP code with parameters
Many HDC MP codes with length N = 3n = 3(q 2 + 1) are listed in Table 2 .a. Some QECCs from the above HDC MP codes are compared with those in [32] . Obviously, our quantum codes given in Table 2 .b are better than those in [32] .
C. HDC MP CODES OF LENGTHS N = 3n WITH n = q 2 −1 2
AND RELATED QECCs
In this subsection, we assume that n = q 2 −1 2 for odd prime power q. Negacyclic codes of length n will be considered to construct code chains and MP codes. Furthermore, some QECCs of length 3n from HDC MP codes will be obtained. and q ≥ 4 be an odd prime power. Assume that C is a negacyclic code of length n
then C is HDC. 
Proof: It is easy to check that C 1 , C 2 , · · · , C 2q−3 are skew asymmetric. Since −qC q−2 = C 2q−1 and −qC 2q−3 = C 3q−2 , we have (C q−2 , C 2q−1 ) and (C 2q−3 , C 3q−2 ) are both skew asymmetric pairs. Denote
It is easy to see that C i meets the requirement of Theorem 5. Hence, MP code
, δ] q 2 is HDC from Theorem 5. Therefore, there exists a HDC MP code with parameters C A = [3n, 3n + 3 − (δ 1 + δ 2 + δ 3 ), δ] q 2 and a quantum code with parameters [[3n, 3n + 6 − 2(δ 1 + δ 2 + δ 3 ), δ]] q , where δ = min{3δ 1 , 2δ 2 , δ 3 } Many HDC MP codes with length N = 3n = 3 q 2 −1 2 are listed in Table 3 .a. Some QECCs derived by the above HDC MP codes are compared with those in [32] . Obviously, our quantum codes in Table 3 .b have advantages than those in [32] .
V. CONCLUSION
By virtue of three families of constacyclic code chains of lengths n and special matrices A ∈ M ad 3,3 (F q 2 ), we have constructed series of HDC MP codes with lengths N = 3n, where n = q 2 ± 1 and n = q 2 −1 2 . Via Hermitian construction, some new QECCs of length N were obtained, most of which have better parameters than that of quantum codes in [32] .
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